A HOMOLOGICAL APPROACH TO RELATIVE KNOT 

INVARIANTS 



GEORGI D. GOSPODINOV 

Abstract. We define relative versions of the classical invariants of Legendrian 
and transverse knots in contact 3-manifolds for knots that are homologous to a 
fixed reference knot. We show these invariants are well-defined and give some 
basic properties. 



1. Introduction 

A smooth oriented knot (an embedding of S 1 ) in a contact 3-manifold (M, £) is 
called Legendrian if it is everywhere tangent to the contact planes £ and transverse 
if it is everywhere transverse to £. Null- homologous Legendrian knots in a closed 
contact 3-manifold have two classical invariants, the Thurston-Bennequin invariant 
and the rotation number. Null- homologous transverse knots in a contact 3-manifold 
have a classical invariant, the self-linking number. 

Our goal is to generalize these ideas to the case when K is not null-homologous in 
M (that is, [K] / G H\(M\ Z)), in particular, to the case when K is homologous 
to another fixed knot J. We prove the following theorem. 

Theorem 1.1. Consider homologous knots K and J in a contact 3-manifold (M, £) 
with K U J = <9E for an embedded oriented surface E and orient K and J as 
boundary components of E so that [<9E] = [K] — [J] . 

(a) If K and J are Legendrian, then the relative Thurston-Bennequin number of 
K relative to J is well-defined. 

(b) If K and J are Legendrian, then the relative rotation number of K relative 
to J is well-defined up to an integer d such that d = ci (£)([£]), where [E] G 
H 2 (M 1 K U J). For a tight contact 3-manifold (M, £) ; this integer ambiguity 
vanishes so the relative rotation number is well-defined. 

(c) If K and J are transverse, then the relative self-linking number of K relative 
to J is well-defined up to an integer d such that d = ci(£)([E]) ; where [E] G 
H2(M,K U J). For a tight contact 3-manifold (M, £), this integer ambiguity 
vanishes so the relative self-linking number is well-defined. 

In order to prove Theorem we first discuss the dependence of each relative 
invariant on the Seifert surface for K and J. Then we show that although Leg- 
endrian (resp. transverse) isotopies do not preserve the homology type of K in 
Hi(M \ J), they do not change the values of the respective relative invariants. 

Remark 1.2. Since the contact structure £ is trivial over the compact Seifert surfaces 
with boundary, we do not require that £ be globally trivializable over M. 
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3. Background 

If if C (M, is a null-homologous Legendrian knot in a contact 3-manifold, then 
from the exact sequence for the relative homology of the pair (M, if), we see that 
there exists a relative class a G H 2 {M^K\Z) such that a maps to [if] G iii(if;Z) 
under the boundary map d : H 2 (M, if; Z) — > iii(if;Z), moreover, there exists a 
smooth embedded oriented Seifert surface E C M for if such that [E] = a. 

If if C (M, is a null-homologous Legendrian knot in a closed oriented contact 
3-manifold, then the Thurston- Bennequin invariant of if is defined as tb^K) = 
twxi^ Fr^), which measures the number of 2tt- twists (with sign) of the contact 
framing with respect to the Seifert framing along if. 

Equivalently, one can define tb^(K) as lk(K,K') = if' • E, where if' is a push- 
off of if in the direction normal to the contact planes along if (since £ is trivial 
over E and, in particular, along if = 9E, see [HE], it is coorientable along if). 
The linking number lk(K f ,K) is well-defined and equals to an integer n, where 
ker [Hi(M \ if) — > Hi(M)) = Z is generated by a meridional disc with homology 
class \fjb] and [if'] G #i(M \ if) is in this kernel with [if'] = n[ja}. The value 
of tb^(K) depends only on the relative homology class [E] G H 2 {M^K]Z) since 
the Seifert framing for null-homologous if is well-defined, so tb^>(K) = tb^(K) 
for any E' with [£'] = [E], and for a choice of another [£"] G H 2 (M,K\Z), 
tbx»(K)-tbz(K) = tw K (£,Frv>>)-tw K (£,Frv) = tw K (Fr^,Fr^), which could 
be nontrivial if H 2 (M; Z) ^ 0. 

Additionally, for a null- homologous Legendrian knot if in (M, £), the rotation 
number r^(if, <r) is defined for a trivialization of given by a nonzero section 
<j : £|e — > E x R 2 , whose restriction to if yields a non-zero vector field vk tangent 
to if. The rotation number r$](if, a) of if with respect to this trivialization is 
given by e(£, )([£]), where e(£) G H 2 (M;Z) is the Euler class of £ (for a choice 
of coorientation of £) and e(£, vk) is the relative Euler class of 

Equivalently, for a non-zero vector field tangent to if, the rotation number is 
the obstruction of extending vk to a nonzero vector field in £|^. More directly, one 
can compute the rotation number as the winding number w a (vK) of the image of 
vk in M? under the map — » if x M 2 which is the restriction of the trivialization 
£|s to if. The rotation number does not depend on the trivialization a (so we 
will omit it from the notation), but it does depend on the relative homology class 
[E] G H 2 (M, K]Z) and on the orientation of E. For a choice of another relative 
homology class [£'] G # 2 (M,if;Z), we have r^(K) - r E (if) = ±e(£)([E'] -[£]), 
where [£'] - [E] G H 2 (M;Z). 

For a null-homologous transverse knot if C (M, £) in an oriented contact 3- 
manifold M, let E C M be a Seifert surface for if, then we can define the self- 
linking number of if as sl^(K) = if 7 • E = lk^(K' , if), where if 7 is a push-off of if 
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in the direction of (the restriction along if of) a nonzero vector field vonE (such 
a vector field exists since £|s is trivial). 

The self-linking number can be interpreted as the obstruction of extending a 
non-zero vector field vk (which points out of E) along if in £ D TE to a non- 
zero vector field in in which case a push-off if' of if along vk would have 
linking with if relative to E. Similarly to the rotation number, upon fixing a 
coorientation of the contact plane field, a choice of a different relative homology 
class [£'] G # 2 (M,if;Z) gives us sl^(K) - sfe(if) = ±e(0(P'] -[£]), where 
the sign depends on whether the orientation of if coincides with the transverse 
orientation (or coorientation) of £. For more details, read [TJ [5j [H [7] . 



4. Basic Definitions and Properties 

We are considering homologous oriented knots if and J in a contact 3-manifold 
M . Equivalent ly, the oriented link if U J is null- homologous in M, so the usual 
argument generalizes directly to show there exists a smooth embedded surface E C 
M, where [E] G H 2 (M,K U J; Z) is mapped to [if U J] e iii(if U J; Z) by the 
boundary homomorphism, that is, E is a Seifert surface for if U J. 

Remark 4.1. Always orient if and J as boundary components of the oriented E so 
that [<9£] = [if] - [J]. 

We generalize the classical invariants to the case when if is homologous to an- 
other knot J in (M, £) as follows. 

Definition 4.2. Let if and J be homologous Legendrian knots in a contact 3- 
manifold (M, £) oriented accordingly with K U J = <9E for an oriented embedded 
Seifert surface E so that [<9E] = [if] — [J] . Define the Thurston- Bennequin invariant 
of K relative to J by 

tbx(K, J) := tw K (£, Fr^) - twj(£, Fr E ), 

where Fr^ denotes the Seifert framing that K (resp. J) inherits from E, and 
tw(£, Fr^) denotes the number of 2tt- twists (with sign) of the contact framing 
relative to Fr^ along K or J. For push-offs K' and J' of K and J in the direction 
normal to the contact planes, tb^(K, J) = K' • E - J' • E = lk^(K f , K) - lk^{J' J). 

Definition 4.3. Let if and J be homologous Legendrian knots in a contact 3- 
manifold (M, £) oriented accordingly with K U J = <9E for an oriented embedded 
Seifert surface E so that [<9E] = [if] — [J]. The restriction to K of the trivialized 
contact 2-plane field £|s gives a map cr : — > if x R 2 , under which a non-zero 
tangent vector field vk to if traces out a path of vectors in R 2 . We can then 
compute the winding number w a (vK) and similarly for J. Then define the relative 
rotation number of if by 

f E (if, J) := w a (v K ) - w a (vj). 
Equivalently, f s (if, J) = e(f , v K U vj) ([£]). 

Definition 4.4. Let if and J be homologous transverse knots in a contact 3- 
manifold (M, £) oriented accordingly with K U J = <9E for an oriented embedded 
Seifert surface E so that [<9E] = [if] — [J] . The contact 2-plane field £ is trivial over 
E, so there exists a nonzero vector field v in Take if 7 and J' to be the push 



4 



GEORGI D. GOSPODINOV 



offs of if and J in the direction of v. Then define the relative self -linking number 
of if with respect to J by 

^ s (if, J) :=K' •£- J' 

Next we give some basic properties of the relative invariants and discuss their 
dependence on the Seifert surface. 

Let if, if' , and J be oriented Legendrian knots in a contact 3-manifold accord- 
ingly with K U J — dY* so that [<9E] = [X] — [J] for an oriented embedded surface 
E, and let if 7 be homologous to if and J via a surface E' oriented accordingly with 
— if Uif' = dYi' so that [dY*'] = [if] — [if'] and assume E" is and embedded surface 
oriented with -if ' U - J = <9E" so that [<9E"] = [-K') - [-J]. Assume that E, E' 
and E" are disjoint away from their common boundaries. Then 

tbx(K, J) = tbv(-K, if') + tbx»(-K', - J). 

Note also that to E (if, J) = -tbv(J,K), and tbv(K,J) = £0_ E (-if, - J). To see 
this, check that twx(^ Fr^) and twj(£, Fr^) are independent of the orientations of 
if and J. Under (de)stabilization (see [3 [7]), we have tb^(S±(K)) = tb^(K) — 1, 
therefore tb^(S±(K)) = tb^(K) - 1 and tbry(S±(K),S±(J)) = tb^{K,J), where 
E' denotes the surface after (de) stabilization. 

Lemma 4.5. Consider a contact 3-manifold (M, £) and homologous Legendrian 
knots if and J in M oriented accordingly with if U J = <9E so that [<9E] = [if] — [J], 
where C M is an oriented embedded surface. Then the Seifert framing Fr^ on 
if (resp., on J) is uniquely defined by the relative homology class [E] G H 2 (M, if U 
J;Z). 

Proof. Take neighborhoods iV^ and iVj, we have the maps (with Z-coefflcients) 
H 2 (M, if U J) ^ H 2 {M, N K U TVj) 

if 2 (M, iVx U Aj) ^H 2 (M\ (N K U ATj), cW K U dNj) ^ H^dNjc U cWj). 
The map i is an isomorphism because M \ (if U J) deformation retracts onto 
{Nk U Aj). The map / is an isomorphism from excising Nk UiVj, and d is the 
usual boundary map on relative homology. Let \I/ = i o / o 9, then ^([E]) gives the 
homology classes [if 7 ] G Hi(dNx) and [J 7 ] G Hi(dNj) of corresponding push-offs 
of if and J into E. So [if'] and [J 7 ] are uniquely defined by [E] G H 2 (M, if U J). □ 

The following states that framings on if and J induced by different relative 
homology classes in H 2 (M, if U J) differ by the same number of twists along each 
boundary component. 

Lemma 4.6. Consider knots if and J oriented accordingly with <9Ei = if U J for 
an oriented Seifert surface Ei in a 3-manifold M so that [<9Ei] = [if] — [J]. Then 
for any other oriented Seifert surface E 2 with if U J = <9E 2 so that [<9E 2 ] = [if] — [J], 

tw K {Fr^Fr^ 2 ) = twj^Fr^Fr^). 

Proof. Consider a homology class [Ei] G H 2 (M,J U if) and a surface E 2 with 
Pi] = P2] £ H 2 (M, J UK), then [E x ] - [E 2 ] is a class in H 2 (M). So any other 
surface for if U J is obtained from Ei by adding on a closed surface A of some 
homology class [A] G H 2 (M). We construct a surface E' x with boundary J U if 
representing the class [Ei] + [A] and show that the above equality is true for E' x . 
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First, observe that J - A' — K • A' for any A' G [A]. We can ensure this is true by 
modifying the interior of A' as follows. Replace small closed 2-discs in A' around 
consecutive intersection points (with opposite signs) of A' along J with a cylinder 
whose boundary components are the boundaries of the two 2-discs and which runs 
in a neighborhood of J. This eliminates such intersection points in pairs. 

The intersections between E and A' consist of | J • A'\ = | J • A'\ ribbon arcs and 
possibly some circles on the interior of E. We first eliminate the circle intersections 
by cutting-open the oriented surfaces along each circle and gluing up the pieces to 
obtain a new oriented surface (there is an unique obvious way to do this, which 
depends on the orientations of the surfaces, see Figure [I] below, in particular, re- 
versing the orientation of one of the surfaces results in the alternate gluing up of 
the cut open surfaces). 




Figure 1. Smoothing circle intersections between E and A! . 

Next, consider the ribbon intersection arcs and label them Si, i = 1, . . . , | J • A'\. 
Note that each arc Si runs on E from a point G K to a point bi G J with 
dSi = {di,bi}, so that on A' ', ai and bi are interior points and Si is an interior arc 
(see Figure [3). 

To resolve the Si, cut along the interior of each and glue the surfaces (only one 
way to do this so that we get an oriented surface, see Figure [2] below) and note that 
the twists at each endpoint of the arc are opposite. 

□ 
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Lemma 4.6 implies that the relative Thurston-Bennequin invariant is indepen- 
dent not only of the Seifert surface but also of the relative homology class. This 
will be useful when proving invar iance under Legendrian isotopies. 

For the relative rotation number, consider Legendrian knots K and J oriented 
as boundary components of an oriented embedded surface E, we have r^(K,J), 
r_s(— if, — J) = —r^(K, J). Under (de)stabilization of if, only the winding number 
along K would change by ±1, therefore, rjy (S± (if) , J) = r^(K, J) ± 1, where E' 
denotes the new surface after (de)stabilization. The relative rotation number does 
not depend on the trivialization of £|s but it does depend on the Seifert surface 
through its relative homology class [E] G H 2 (M, if U J; Z) and its orientation. 




Figure 2. Smoothing ribbon intersections between E and A' adds 
ONE twist along each J and K, with opposite signs. 



Lemma 4.7. For homologous Legendrian knots K and J in a contact 3-manifold 
(M, £) oriented accordingly with K U J = <9E for an embedded oriented surface 
E C M so that [dTi\ = [K] — [J] , the relative rotation number r% (K, J) does not 
depend on the choice of trivialization o/£|£. 
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Proof. Consider two trivializations o\ : £|s — > E x R 2 given by two nontriv- 
ial sections Y\ and so that there exists a function / : if — > SO{2) = S 1 
such that Yi(p) = /(p)^2(p) f° r all p G if U J. Therefore, the winding num- 
ber c^cr^Yilx) = ^o- 2 (^2|k) — deg(f,K), where the degree of / over if can be 
computed by the induced homomorphism Z = H\ (if) — > iii (if) = Z in homology. 
Similarly, uj ai ( Y i\j) = u a2 (Y 2 \j)-deg(f, J). In particular, since H±(J) = Hi(K) = 
Hi(S 1 ) = Z, we have that deg(f, if) = deg(f, J), so 

^{K,J,a!) =LJ ffl (Y 1 \ K )-LJ ai {Y 1 \ J ) =^ J) 
= uj a2 (Y 2 \ K ) -w* 2 (Y 2 \j) = r E (if, J,cr 2 ). 

□ 

Lemma 4.8. Let if and J be homologous Legendrian knots oriented as if U J = 
<9Ei = <9E 2 for oriented Seifert surfaces in a contact 3-manifold M with relative 
homology classes [Ei], [E 2 ] G H 2 (M,KU J;Z) 50 tfwrf [<9E;] = [if] - [J]. T/ien 

f Sl (if, J) -F E2 (if, J) = e(0([Si] - [E 2 ]- 

Notice that if [Ei] = [E 2 ], the lemma shows that the relative rotation number is 
independent of the particular relative homology representative. 

Proof This is a direct generalization of the classical argument (see [7J). Consider 
the closed oriented surface Ei U (— E 2 ), the union taken along if U J, which is 
oriented as the boundary of E. The two trivializations £| El and £|s 2 coincide 
along a segment ifi on if and a segment J\ on J, which means that we have a 
trivialization of £ over EiU— E 2 with a 2-disc Dk removed and a 2-disc Dj removed, 
where Dk^K = K\K\ and DjHJ = J\J±. Since if and J are oriented as boundary 
components of Ei, there are compatible orientations for Dk and Dj which coincide 
with their natural orientation from Ei U — E 2 . Over Dk and Dj, there exist unique 
trivializations of £ up to homotopy. Assume that the trivialization (,\d k coincides 
along Dk H if with the trivialization defined by the positive tangent vector vk 
to if, and similarly, that the trivialization £|^ J and the trivialization of £ over 
Dj given by the positive tangent vector vj along J. Then by definition we have 
r Sl (if, J) = w ai (v K ) ~ w ai (vj) and r^ 2 (K,J) = w a2 (y K ) ~ w a2 (vj), where g { 
denotes the trivialization £|s-. Therefore, we have 

r Sl (if, J) - f S2 (if, J) = w ai ( v K) ~ w ai (v K ) ~Wa 2 {vk) +w a2 (v K ). 

Since — r^ 2 (if, J) = r_£ 2 (— if, — J), the above expression becomes 

w ai (v K ) + w* 2 (~vk) - (w ai (vj) + w G2 (- vj)). 

First, consider iy ai (vx) + w a2 (— vk)- The first winding number is equal to the 
number of rotations of vk relative to g\ along KDDk, which is oriented homotopic 
rel endpoints to the segment 3Dk H Ei. The second winding number represents 
the number of rotations of —vk along —if D Dk, which is homotopic rel boundary 
to the segment 8Dk H — E 2 . 

We have analogous interpretation of the term w (Jl (vj) + w a2 (—vj). 

Next take a segment a C Ei U(— E 2 ) from a point on 8Dk to a point on dDj and 
consider a neighborhood N(a) of a, whose boundary consists of two arcs parallel to 
a and of an arc olk along 8Dk such that £\ aK rotates once and, similarly, an arc olj 
along dDj such that £| aj also rotates once. Since £|jv(a) is trivial, £ rotates in the 
same way along olk and aj, however, the orientations of olk and olj are reversed 
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by an orientation-preserving isotopy between them through the product structure 
a x [0, 1] = N(a). Therefore, N(a) does not modify the value of the quantity 

w ai (v K ) + w a2 (-v K ) - (w ai (vj) + w a2 (- 

Then the Euler number e(£)([Ei] — [E2] measures the number of rotations of the 
trivialization of £ over (Ei U — E2) \ (Dk U N(a) U Dj) along the boundary of the 
2-disc Dk U N(a) U Dj relative to a constant vector field which extends vk and 
— vj over N(a). This is equal to the number of rotations of the trivialization of £ 
over (Ei \ Dk) U (— E2 \ Dj) over 8Dk U Dj with respect to extensions of vk and 
-vj, respectively. Therefore, r^(K, J) - F E2 (K, J) = e(0(Pi] - [S 2 ]). 

A direct way of obtaining this result is to choose so that they are both zero 
along J so the argument directly reduces to the case when we compare the rotations 
of the trivializations only along which is just the classical case. □ 

For the relative self-linking number, consider the transverse knots K and J 
oriented as boundary components of the oriented surface E, over which £ is trivial 
and, in particular, it is cooriented along <9E. Then sl^(K^J) depends on how 
the orientations of the components of <9E compare with orientation of (the normal 
direction of) the contact planes, so reversing the orientation of either E or £| E 
causes sl^(K, J) to reverse sign. 

Lemma 4.9. Consider a contact 3-manifold (M, £) and homologous transverse 
knots K and J in M oriented as K U J = <9E for an embedded oriented surface 
E C M so that [<9E] = [K] — [J]. The relative self-linking number sl^(K,J) does 
not depend on the choice of trivialization o/£|e- 

Proof Follows by the same argument as in the proof of Lemma |4.7| □ 

Lemma 4.10. Let Ei and E2 be Seifert surf aces for the homologous oriented trans- 
verse knots K and J in a contact 3-manifold M representing the relative homology 
classes [E x ], [E 2 ] G H 2 (M,KU J; Z) so that [<9E;] [K] - [J]. Then 

d^(K, J) - 7h 2 (K, J) = e(0(Pi] - [£2]. 

Notice that if [Ei] = [E2], the lemma shows that the relative self-linking number 
is independent of the particular relative homology representative. 

Proof The argument is similar to the proof of Lemma |4.6| Assume without loss 
of generality that the coorientation of £ makes K positively transverse. Again take 
the union Ei U (— E2) and arrange that the trivializations of £| El and £|s 2 coincide 
along an interval K\ = K \ Dk and an interval J\ = J \ Dj. Thus we obtain a 
trivialization of £ over (Ei U — E2) \ (Dk U Dj) given by a nonzero vector field X. 
Note that (,\d k uDj is also trivial, the trivialization of (,\d k given by a constant 
vector field vk tangent to K\ = K D Dk and the trivialization of ^|^ J given by 
a constant vector field vj tangent to — J\ = — J D Dj. Then, as in Lemma [46j 
one can use a neighborhood N(a) of an arc between 8Dk and Dj to reduce the 
computation of the trivialization of £ to the boundary of the 2-disc DK ] JN(a)UDj 
and see that it computes an Euler number. This Euler number e(£)([Ei] — [E2]) 
measures the difference of the winding number of Xk with respect to X along 8Dk 
minus the winding number of Xj with respect to X along dDj (note that 8Dk 
and 3D j are oriented as boundaries of Dk and D j on the oriented Ei U — E2, so 
the negative sign comes form the fact that vj is pointing in the direction of — J). 
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Now let K' and J' be push-oils of K and J, respectively, in the direction of X. 
Then by definition, 

sZ El (if, J) = lkx x (if', if) - lk^ (J', J) = K f • Ei - J' • Ei 

and 

sZ Ea (if, J) = Zfcs a (If 7 , if) - Zfc Ea (J 7 , J) = K ' • E 2 - J' • E 2 . 
From the construction, there is no contribution to if ' • E^ along ifi = if \ Dk 
and there is no contribution to J' • E^ along Ji = J \ Dj for z = 1,2. Then along 
if fl if 7 • E$ is equal to the winding number of X relative to Xk measured 
along this segment, because K\ is homotopic, rel bondary, to 8Dk H Ei, by an 
orientation-reversing homotopy, and ifi is homotopic, rel bondary, to 8Dk H — E 2 
by an orientation-preserving homotopy. Therefore, this computes 

if' -Ei -if' -E 2 . 

Similarly, to measure the winding number of X relative to Xj, we look at J D i}j, 
keeping in mind that —JnDj is homotopic to dDjD Ei by an orientation-preserving 
homotopy and — J D Dj is homotopic to 9Dj D — E 2 by an orientation-reversing 
homotopy. We are working with — E 2 , so switching the signs, we obtain 

-J'.Ei + J'.Ea, 

which computes precisely the last two remaining terms of the difference of the 
relative self-linking numbers coming from Ei and E 2 , completing the proof. □ 

5. Seifert Surfaces and Smooth Isotopies 

In this section, we study the problem of finding a Seifert surface for oriented 
K U J under smooth isotopies. Given a surface E C (M, £) with 9E = K U J, 
consider a smooth isotopy cp t (K),t G [0, 1], of K which fixes J. If the isotopy lives 
in the complement of J, then it extends to a global isotopy by the Isotopy Extension 
Theorem, and, in particular, to an isotopy of E through embedded surfaces. More 
formally, ^t(E) is a Seifert surface for ift(K) U (ft(J) for all t G [0, 1]. Note that 
there are versions of the Isotopy Extension Theorem for transverse and Legendrian 
isotopies. If (ft(K) intersects (ft (J) = J for some t, we show how to construct a 
surface for ift(K) U cp t (J) after the intersection occurs. 

Lemma 5.1. Consider homologous knots K and J in a contact 3-manifold (M,£) 
oriented as boundary components of an embedded oriented surface E C M so that 
[<9E] = [K] — [J] j and consider a smooth isotopy ip t of K which fixes J. Additionally, 
assume that (ft(K) intersects J transversely in a point p G J, that is, ip 3 (K) fh J = 
{p} and <pt(K) H J = for all t ^ s. For small e > 0, let K± = (p s ± e (K) and 
let E_ = <£ s _ e (E) ; then there exists an oriented embedded surface E + C M with 
<9E + =K+UJ. 

Proof Since K_ and if + are isotopic, they are homologous, so there exists an 
embedded oriented surface A with dA = — if_ U if+, and we can arrange that 
A rtl J = {p}. We construct E + out of the surfaces A and E_ by eliminating their 
intersections. Intersection arcs that run boundary-to-boundary on one surface and 
intersect only the interior of the other surface are called ribbon arcs (Figure [3]). 

Ribbon arcs can be eliminated by locally pushing the interior of the one surface 
(e.g., E 2 in Figure [6]) which contains the arc in its interior across the part of the 
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other surface (e.g., Hi in Figure [6| that the arc bounds with the boundary (this 
requires an innermost- arc-first procedure). 




Figure 3. Ribbon intersections Si and S2. 

If this part of surface £2 contains any other intersections with Ei (circles), 
eliminate them first by locally isotoping the interior of E2 across (see Figure [4] for 
an example involving E_ and A). 




Figure 4. Resolving an innermost trivial ribbon intersection S. 
Note that for this to be always possible, we need M to be irreducible. 






2_ 


A 








K_ 





Figure 5. Resolving an intersection arc A parallel to K-. 

However, A lives in a solid torus (which is irreducible) neighborhood and all the 
isotopies of the interior of E_ can be restricted to live in this solid torus, so no such 
general assumptions for M are necessary. 
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So we assume there are no ribbon intersections and next eliminate non-ribon 
intersection arcs (parallel to KJ) by isotoping the interior of E_ locally across the 
half-disc that such arc bounds with K- (see Figure [5|. 

Next we eliminate circle intersections between E_ and A, which we claim can 
not be multiples of [K+] £ Hi(A;Z). Assume that r] C A is a multiple of [KJ\. 
Recall that J D A = {p}, which produces the intersection arc a that runs from J 
to K_ on E_ and p to the boundary K_ on A (Figure [6]). 




Figure 6. A non-trivial circle intersection rj C E_ D A. 

Take a framed neighborhood N (A) of A so that K- is the inverse image of 
the core under a diffeomorphism from N(A) t the solid torus (see [7] or Theorem 
4.1.12 in [12 j) with the framing given by Fta- For a small e > 0, A C N(K_) so 
K+ C N(K-) is a parallel copy of If there are multiple non-trivial circles, let 
rj denote the one "closest" to K_ (as in Figure [6]). Let E'_ denote the part of S_ 
bounded by K_ and rj. It has no other boundary components so let = UA'. 
This is a closed oriented surface. Since J is closed of complementary dimension to 
, their geometric intersection is 0. So J intersects at another point besides 
p, and since J f) A = {p}, J intersects E'_. But E_ is embedded and cannot 
self-intersect. 

An intersection arc is a clasp if it runs from boundary-to-interior on each surface 
and a singular clasp if it runs boundary-to-boundary on one surface (Figure [7]). 




Figure 7. A clasp 5 = D x n D 2 and a singular clasp 5 = D n A. 

There are exactly \K+ • E_ | clasps ^ and exactly one singular clasp a in E_ D A 
(a is unique since another such arc a' would make p £ aH a' a self-intersection of 
the embedded E_). 
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Clasps (and singular clasps) can be resolved standardly to give an embedded 
oriented surface (see Figures H and [9k. 




Figure 8. Resolving a clasp arc. Green arrows show orientations. 

It is an orientation preserving cut (see [H]), a smoothing of a singular arc in 
an orientable way, or an Umschaltung (M. Dehn). It consists of cutting open the 
interior of the clasp and joining the edges appropriately, whereby an endpoint of 
the clasp becomes a singular point. Cut open at this point (see Figure [9] for an 
example) to obtain an embedded oriented surface. 




Figure 9. Resolving a singular clasp arc. 
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Figure 10. The singular clasp a and the clasps fli with a cut along (3\. 




Figure 11. Joining the edges and eliminating the singular point 
after a cut along the clasp f3\. 
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More precisely, two edges of a cut-open clasp are adjacent if, given any two 
neighborhoods Uy 1 _ and Ua of these edges in the respective surface, K_ D (U^_ D 
/7a) is a nonempty segment along properly containing the common boundary 
point of the two edges. Near two adjacent edges, the surfaces E_ and A are also 
"adjacent" . We resolve the clasp arcs and the singular clasp a by joining adjacent 



edges (look at Figures 10 and 11). 



This produces an embedded oriented surface E + with SE + = K+ U J. □ 



In the construction of Lemma |5.1| above, resolving all other possible intersections 
besides the clasps required only isotoping the interior of E_ locally, so we may 
assume that such intersections do not occur. 

Lemma 5.2. Consider a standard framed neighborhood N(A) with the product 
framing on K_ induced by FrA cls in the construction of Lemma \5.1\ prior to re- 
solving the clasp intersections between E_ and A. Denote by Fr N ^ K _^ the product 
framing induced on the core K_ and its parallel translation K+ . Then 

tw K _ (Fr Tl _ , Fr N{K _ ) ) = tw K+ (Fr E+ , Fr N{K _ } ) + J • A. 

Proof Consider a push-off K'_ of K- C <9E_ into E_ giving the Seifert framing 
Fr Tl _ along K_ so that tw K _(Fr Tl _,Fr N{K _ ) ) = lk A (K'_,K-) = K'_ • A. The 
intersection K'_ D A consists of a point on each clasp arc C E_ D A and a point 
on the singular clasp arc a C S_ fl A Now, isotop K'_ in S_ through each arc 
fa across K+ such that the intersection points along are eliminated and K'_ 
intersects A once along a. This implies that away from a neighborhood of a, K'_ 
links with K_ relative to the product framing Fr^{K-) m the same way that it 
links with K+ relative to the product framing Fr N ^ K _^ because K'_ is disjoint from 
the annulus A away from a. 

Resolving the modifies the interior of S_ away from K'_. Resolving a modifies 
K'_ into K'!_, which coincides with K'_ away from a neighborhood of a and does 
not link with K+ rel product framing, we obtain K'!_ from K'_ by removing a small 
segment and adding another one, each isotopic to the other rel boundary in the 
complement of K+. 

Observe that since S + is constructed from AUS_ by resolving their intersections, 
K'!_ is a push-off of K+ into £+. Relative to the product framing, it links with K+ 
in the same way as K'_ linked with K_ except for the J • A which is an additional 
twist and contributes ±1. 

So with respect to the product framing, lk{K r _,KJ) — lk(K",K+) = J • A. □ 



Lemma 5.3. In the construction of Lemma \5.1\ 

tw J (Fr^ Jr ,Fr^_) = J • A. 

Proof Resolving the clasps fa changes the interior of H_ away from J so it does 
not affect the framing at J. We need to see what changes occur to the framing 
Fr^_ along J when we resolve the singular clasp a. Prior to resolving it, take (the 
closure of) a standard framed tubular neighborhood N (J) = S 1 x D 2 with framing 
Fr^_ via a push-off J_ = x {|, 0} into E_. Consider an arc 5 C A that ends at 
p such that 5 D N(J) — {0} x [0, 1]. After a is resolved, J C <9£ + , take a push-off 
J' of J into E_|_. Since E_ and E + are isotopic away from a neighborhood of the 
resolved arc a, we can choose that J' and J_ coincide away from p. Observe that J' 
intersects (5, moreover, J' -5 = J-Aby the construction of E + . The winding number 
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of the normal to J defined by J_ under the diffeomorphism to N(J) equals 0, and 
with the winding number of the normal to J defined by J', we get J' • 5 = J • A. 
This gives twj (Fr^ + , Fr^ _ ) . □ 



Remark 5.4. Let £ + be the surface constructed in Lemma 5.1 Then S + is smoothly 
isotopic to a surface obtained from S- by the following local operation in a neigh- 



borhood D a of the singular clasp a (Figure 12). Cut D a along its boundary arcs 
that run across K- to J in the interior of £_. Then create an oriented twist in D a 
depending on the sign of J ■ A = {p}, as shown Figure 



12 



and re-glue back by the 
identity diffeomorphism. This gives the diffeomorphism type of S + as constructed 
in Lemma UTTl 




Figure 12. Obtaining the diffeomorphism type of S + by a local 
twist in S_ around the singular clasp a. Since only p G da is fixed, 
the diffeomorphism type of S + depends on the arc a. The twist is 
determined by the sign of the intersection of J and A at p. 



To see this, note that resolving the clasp intersections fa creates a surface which 
is smoothly isotopic to £_ U A since away from the singular clasp a, E_ U A 
deformation retracts to £_. So the diffeomorphism type of E + is determined only 
by the resolution of a. Now, since K_ and K + are oriented as boundary components 
of the oriented annulus A, make sure that the orientations on K_ as a boundary 
component of £_ and a boundary component of A coincide, consider J • A = ±1. 
If J • A = +1, then in the construction of Lemma [5.1[ resolving a produces an 
oriented surface which locally is obtained from S_ by a left twist in the disc D a . 
Similarly, if J • A = —1, the twist on D a is right. Thus the diffeomorphism type 
of S + depends on the arc a and the sign of J • A. In particular, if a and a' are 
two isotopic arcs (with common boundary point p G J) in S_ running from K to 
p G J, then the resulting surfaces S + and obtained by resolving a and a' are 
isotopic. 
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6. Legendrian and Transverse Isotopy Invariance 

Consider homologous Legendrian (resp. transverse) knots K and J oriented as 
K U J = 9E for an oriented embedded surface E in a contact 3-manifold (M, so 
that [<9E] = [K] — [J] and a Legendrian (resp. transverse) isotopy (p t ' S 1 x [0, 1] — > 
(M, £) of if in the complement of J, which fixes J. We can extend it to all of M by 
the Isotopy Extension Theorem (in the Legendrian or transverse category, resp., see 
[14] ) with (f t = id on a neighborhood of J. Because extends to an isotopy of the 
Seifert surface E, the relative invariants are preserved. That is, for a Legendrian 
isotopy (ft, tbv(<pt(K),<p t (J)) = tb^(K,J) and r^((p t (K) , <p t (J)) = r E (if, J), and 
for a transverse isotopy (p t , sl^((f t (K), ift(J)) — sl^(K, J) for all t. 



Now consider a Legendrian (resp. transverse) isotopy which, as in Lemma 5.1 



isotops K across J, that is, (p 3 (K) crosses J for some s G (0, 1). Then ip t no longer 



extends to an isotopy of E. For e > 0, let K± and E_ be as in Lemma 5.1 and 
assume the trace of ip t and transverse to J at p = ip s (K) (ti J, we will say that (f t 
is locally transverse to J (see [9] for a discussion of the case when tp t is not locally 
transverse to J). We claim that in this case the relative invariants are well-defined 
for alH ^ s and are indeed invariant under cp t . 

Theorem 6.1. Consider homologous Legendrian (resp. transverse) knots K and J 
oriented as boundary components of an oriented embedded surface E in a contact 3- 
manifold (M, £) so that [<9E] = [K] — [J]. Consider a Legendrian (resp. transverse) 
isotopy (p t : S x x [0, 1] — > (M, £) of K , and suppose that tp 3 (K) ftl J and (f t (K)nJ = 
fortes. 

(a) If (ft is Legendrian, then tb^>((f t (K), J) = tb^(K, J) for all t s, where [£'] G 
H 2 (M,ip t (K)UJ;Z). 

(b) If (ft is Legendrian, then r^> \(ft{K) , J) = r^(K^J) for all t ^ s, where [£'] G 
H 2 (M,ip t (K)UJ;Z). 

(c) If (ft is transverse, then sl^/ (ipt(K) , J) = sl^(K, J) for all t ^ s, where [£'] G 
H 2 (M,f t (K)UJ;Z). 



Proof of Theorem 
isotopies (Lemma 



6.1(a). We will use the construction of E + in the case of smooth 
5.1). Resolving some intersections of E_ U A involved isotoping 
the interior of E_ locally, which does not affect the relative invariants. Resolving the 
clasp intersections, however, may. We assume that we have resolved all intersections 
besides the (possibly multiple) clasps and the singular clasp a. 

Assume first that (ft is Legendrian and let E + be constructed as in the proof 



of Lemma 5.1 First, we prove the invariance of the relative Thurston-Bennequin 
number. 

Prior to resolving any of the clasp intersections between E_ and A, take a framed 
Legendrian neighborhood N(K_) of K_ such that the product framing Fr^{K-) 
is given by FrA as in Lemma [53| and so K+ is a parallel copy of the Legendrian 
core K_. 

Since K_ and K+ are Legendrian isotopic, twK_ (£, Fta) = twx + (£, Fta), equiv- 
alently, tbA(K-, K+) = 0. The reason for this is the fact that there exists an im- 
mersed annulus A (the trace of the isotopy) that satisfies this, so by Lemma 4.6 , the 
embedded surface A satisfies this condition as well. Equivalently, since we are in a 
framed Legendrian neighborhood N(K-), twK_(C^ r N(K-)) — twK + (£, Fr^^K-)) 



or ibN(K_)(K-, K+) = 0. By Lemma 4.6 , we could use E + to prove the invariance 
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of the relative Thurston-Bennequin number. By the discussion at the beginning of 
this section, it is sufficient to prove that 

tb s _(K-,J)=tb E+ (K+,J), 

which, by definition, is equivalent to 

tw K _(£,Frv_) -twj(£,Frv_) =tw K+ (£,Frv + ) -twj(£Frv + ) 

or 

(1) tw K+ (£, Fr E+ ) - tw K _ (£, Fr^_ ) = twj(£, Fr^ + ) - twj{£, Fr^_). 

Since tw K± (^Fr^ ± ) = tw K ±(£, Fr N ( K _) J rtw K± (Fr N ^ K _ , Fr^ ± ) , the left-hand 
side of equation ([I]) equals 

tw K+ (f , Fr N{K _ ) ) (Fr N{K _ ) , Fr E+ ) (f , Fr N{K _ ) )-tw K _ (Fr N{K _ ) , Fr E _ ) . 

Since if + is Legendrian isotopic to tu)K_((,, Fr N ( K _^) = twK + ((,, Fr N ( K _^), 
so the above expression simplifies to 

(Fr N{K _ ) , Fr E+ ) - (Fr N{K _ ) , Fr s _ ) . 



Since twx_(Fr N ^ K _^ Fr^_) = twK + (Fr N ^ K _^ Fr^ + ) + J • A by Lemma 5.2 , the 
expression above (and the left-hand side of equation Q) equals — J • A. 
Now, the right-hand side of equation ([!]) equals 

^j(e, Fr s _ ) + twj(Fr^_ , Fr s+ ) - twjfa Fr^_ ), 



which simplifies to twj(Fr^_,Fr^ + ). By Lemma 5.3 , twj(Fr^_, Fr^ + ) = J • A, 
which implies that twj(Fr^_ , Fr^ + ) = — J • A, and equation holds. □ 



Proof of Theorem \6.1\ b). We set some general notation. For a contact 3-manifold 
an a Legendrian knot bounding an oriented surface and oriented as the boundary 
of the surface in the 3-manifold, let W(j surface (vknot) denote the winding number 
of the positive tangent vector field to the knot measured as a winding number of 
a loop of vectors under the identification with R 2 at each point of the knot given 
by the trivialization cr sur f ace of the contact structure over the surface restricted to 
the boundary. In the standard sense, w asurface (vk n ot) is the rotation number of the 
Legendrian knot. 

We start with the following simple observation. 

Remark 6.2. Consider a Legendrian unknot K\ C (B 3 ,(, s td\B 3 ) m standard contact 
3-ball around the origin in (R 3 ,£ s ^ = ker(dz — ydx)). The rotation number of 
K\ (with respect to the global trivialization on (B 3 , £ S £d|# 3 ) given by the non- 
zero section d/dy of £, s td\B 3 ) is given by the degree of the tangent vector to the 
Lagrangian projection n(Ki), where 7r : R 3 — > R 3 : (x,y,z) i— > (x,y) (see [6J. Note 
that since K\ bounds a 2-disc in 5 3 , we can consider its oriented projection under ir 
and compute the winding number of its oriented boundary tt(Ki), in the Lagrangian 
projection, the positively oriented parts of the 2-disc point in the positive z-direction 
of the x?/-plane, so the rotation number computation amounts to counting the 
number of positively oriented (upward) circles in the projection of the 2-disc. Now 
take another oriented Legendrian knot K2 which co-bounds an annulus A with K\ , 
so its Lagrangian projection links with K\ (positively if K2 • D = 1 and negatively 
if K2 • D = —1). Orient A so that the orientation that K\ inherits as its boundary 
is the opposite to the one it inherits as boundary of D. Then is trivial over 
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A, and r\{K\) = w a (vkx) • Let a st d denote the trivialization from d/dy on £ st d 
restricted to Ki, then 



w ( 



std ( V Ki ) = W ° D ( V Ki ) = W * A ( V Ki )~K 2 -D. 



This explicitly tells us how the rotation number of K\ is computed for another 
trivialization coming from another Seifert surface, purely in terms of a linking 
number with a knot which defines the new Seifert framing for K\ . This observation 
is easy to see by working with Legendrian knots "with corners" in (R 3 ,£ s ^), note 
that it holds in this case as well. Another approach is to use the characteristic 
foliations on the 2-dsic D and the annulus A. 

In our situation, we have the trivializations <r s± : £|e± ~~ ^ ^± x ^ 2 induced by 
each Seifert surface on cr v and their restrictions to the knots K± and J. We need 
to show 

which, by definition, is equal to 

w*^_ (v K _) - w a ^_ (vj) = w a (v K+ ) - w a (vj), 
or, rearranging terms, 

W a ^_ (V K _) - W a (V K+ ) = W G ^_ (Vj) - W a (Vj). 

We will use a local model near the intersections a and fy. This is justified by 
the fact that away from intersection points along and J, we can assume 

that the trivializations d s and a s+ coincide along <9£±, with the special point that 
along K- , we would need to change the sign since K_ acquires opposite orientation 
from the surface S_ and the surface A. Therefore, we only need to see what the 
local contributions to the winding numbers are near the arcs of intersection. 



First we deal with the arcs refer to Figures [10| and [13 

Take an arc fa and consider a disc with corners Da C A around and boundary 
components 71 , 72 , 77 _ , 77+ with r]± C K±. Isotop the 7^ to make them Legendrian 
and chose the corners of Da so that the winding numbers w aD (v v± ) and w aD (v li ) 
are well-defined and w Gd (^77_) = w cj d (^77+) and w aD (v 7l ) — w Gd (^ 72 )- Now 
take a small 2-disc with corners D_ C £_ around with Legendrian boundary 
Si U ( U S2 U V-f sucn that w cr D ( v c) = — w a D ( v r)-) and w Gd (i^J = w Gd (vs 2 ). 
Note that resolving the arc fa in constructing the surface S + is a local operation 
and we can arrange the two discs Da and D_ to be contained in an arbitrarily 
small 3-ball neighborhood of the arc fy. Let S+ with dS+ = 77+ U 71 U 72 U C be 
the new surface in our 3-ball neighborhood after the arc has been resolved. Note 
that 5 + coincides with Da U D_ in a neighborhood of 71 U 72 U Si U 62- 

Take a contactomorphism / between the 3-ball neighborhood containing 5+ 
and (£? 3 , £, s td\B 3 )- Now, take 2-disc strips to complete Da to an annulus A^ with 
Legendrian 8Ka = (77+ U z+) U (77- U z_) and complete D_ to an annulus A_ with 
Legendrian 9A_ = (77- Uz_) U (£ U £-)■ Arrange that w a (v z+ ) = — w CT (v z _) 

A A A A 

and ^ct a = — t^cr A (^C-)- Note also that 77+ U z+ bounds a 2-disc Di and 

that AA^ U A_ \ {Da U -D-) U S+ is an annulus which coincides with A^ U A_ near 
71 U 72 U Si U <5 2 - 
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Now take an oriented push-off z' of 77 _ U Z- into A_ and note that f(z')- /(Aa U 
Di) = f(z') ■ /(Da UDi) = C * Di, because z' is isotopic to ( U Also take an 
oriented push-off z" of 7? + U z + into A and note that f(z") • f(D\) = ( ■ Di. 




Figure 13. Local picture near fa. 

By Remark |6. 2 [ 

Wa AA (V^J - W * A _ (V v -Uz-) = ~C ■ D l 

and since w a (vrj +Uz+ ) = ~™* Aa K + u^ + ), 

~ W(t a a K+u«+) - w<7 A K + u*+) = -C ■ A- 

Subtracting these and noting that (v 7]+ u z+ ) = ~ w v A (v^-)^ we nave 
and subtracting the equal contributions of rotations along z_ and z + , we have 

K + ) - w* D _ K_) = o, 

which implies that as a result of the local resolution of the arc there is no 
contribution to the winding number of K+ as compared to the winding number of 
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K- with respect to £_. Thus the winding numbers of vk_ and are fixed, 

regardless of which trivialization (cr s or <j s+ ) is used. 

Since resolving the arcs is done in the complement of J, we have no contribu- 
tion to w a ^ (vj) and w a ^ (vj) from this, so there is no contribution to the value 

of the relative rotation number of K+ relative to J as a result of resolving the fy. 

Now we resolve the arc a, we will clear the notation we used in resolving 
but stick to the notation rules we have set. We expect that it would change the 
individual rotation numbers of K+ and J, but these changes would subtract out in 
the value of the relative rotation number. 



For the following, refer to Figure 10 and Figure 14 to understand the local 



picture near the arc a. We know that p G da lies on J, let the other point in da 
be q G K_. Take a half-disc Da C A with Legendrian boundary around a with 
corners at points {a, b} C K- and label 3D a = 7 U 7', where 7 C K- contains the 
point q with dj = {a, b} and a \ {g} is contained in the interior of Da- 

On choose an arc 771 with <9?7i = {a, 7*1}, where 7*1 G J and let the arc in 
J bounded by p and r\ be #i so that 7 U 771 U Si U a bound a 2-disc Di C £_. 
Note that D\ has four corners a, 7*1, p, and g. Similarly, choose an arc 772 with 
df]2 = {6, r2}, where 7*2 G J and let the arc in J bounded by p and 7*2 be S2 so that 
7 U 772 U S2 U a bound a 2-disc D2 C S_ with four corners 6, r2, p, and g, such that 
D 1 nD 2 = a. Let S = S 1 l)S 2 and L>_ = L>i U D 2 . 




In addition, we choose a standard 3-ball neighborhood around Da, D\, and D 2 
and a contactomorphism / to (B 3 ^ s td\B 3 ) that will be useful later. 
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Since a is the only intersection between S_ and £+, assume that d s and 
<r s+ coincide along K- and J away from a, in particular, assume that the two 
trivializations coincide along K_ \ 7 and J\S. 

By construction, 

(*) r E _ , J) = ) - w a ^_ (vj) = w a ^_ (v 7 ) - w a ^_ (v s ) 

Now let K\ = 7 U 7' = dD A , let K 2 = 7" U 5, where A be an annulus with 
Legendrian boundary Ki UX 2 = <9A. Then f(K x ) = df(D A ) and /(Ki) Uf(K 2 ) = 



<9/(A), so Remark 6.2 implies 

™<t Da (^1) = W ° nDA) ( V f(Ki)) = w <r f(A) (Vf(Kt)) ~ f(K 2 ) ■ f(D A ), 

where f(K 2 ) • f(D A ) = f(S) • f(D A ) = 5-D A = J-D A . Since 
we obtain 

) - W aA (V K2 ) = -J ■ D A . 

Observe that we can assume that the trivializations <j d and <r A coincide along 7' 
(with opposite sign), and that we can construct A so that 7' and 7" have equal 
(and opposite) contribution to the winding number of their respective boundary 
components. Therefore, 

W ct Da ( V K 1 ) ~ (vk 2 ) = W ° Da (^7) ~ w <r A (V 7 ) = - J • D A . 

By construction, w aA (v 7 ) = w a ^ (v 7 ) and (with appropriate orientations) 
w* Da K) = w * Da Ov) = ^ A (^-) = ^ A (^+) = (v K+ ). 

Thus, 

W<r (V K+ ) ~ W<r E _ (^7) = - J ' D A . 

So in (*), this gives 

(*) r^_(K_, J) = w a ^_ (v K _) - w a ^_ (vj) 
(**) = w a (v K+ ) + J ■ D A - w a ^_ (v 6 ) 
Now to compute the term w a (vs), we "invert" the picture in Figure 
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see 



Figure [15] Consider the Legendrian knots L\ = f]iUSUr] 2 Uj and L 2 = /^U^Ur^l^', 
then L\ = dD_ and let L 2 = dD+ for a 2-disc D+. Observe that D± can be 
isotoped so that they coincide along 77^ and so that D_ and D A coincide along 7'. 
Also note that w a ^ (v§) = w a (vs)- 

Take a 2-disc with corners in the complement of D+ so that dD^ is Legendrian 
and dD^ = rji U ("1 U V2 U C2 ? so that it extends D + to an oriented embedded 
annulus Z with Legendrian boundary components S U £i and 7' U ("2- Choose Z)^ 
so that i^cr^ (^Ci) = w <r D (^2)- Consider points c\,c 2 G 771 and di,c?2 G 772 and 
take two parallel Legendrian copies £i and ( 2 with <9(^ = and such that 

Now take a push-off 5- of 5 into D_ and a push-off 5+ of S into D + such 
that d5- — {c 2l d 2 } and 9J + = {ci,c?i}. Isotop 5± rel boundary to make them 
Legendrian and let K\ = U J + and if 2 = C2 U ^- • Moreover, choose S± so that 
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w aD ^ (vs±) — w a D± ( v s)- Note that we have freedom to adjust the points q and di 
in order to ensure that the arcs satisfy these properties. 

So now we have two Legendrian unknots K\ and K 2 , and notice that K\ bounds 
a 2-disc D\ which can be isotoped in the interior to coincide with D+ near S and 
to coincide with near d, while K 2 bounds a 2-disc D 2 which can be isotoped 
in the interior to coincide with Dq near ( 2 C K 2 and to coincide with D_ near 
8- C K 2 . Observe that we can isotop the interior of D\ so that it intersects with 
D_ precisely along the arc a since K 2 necessarily intersects D\ along the segment 
S- C K 2 . 



a 




b 



Figure 15. Second local picture near a. 

In this setup, Remark |6.2| applies to K\ and K 2 to give 
w* D± (v Kl ) w* D2 (vk 2 ) -K 2 -Di, 

equivalently, 

w a (v Kl ) - w a (v K2 ) = ~K 2 • Di, 
which, after subtracting the equal contributions along the equals 
w* Di (vs+) - w* D2 (vs_) ~K 2 • D u 

equivalently, 

w* D (vs+) - w aD (v s _) = -K 2 • £>!. 
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Note that 



By construction, 



Wa D _ (VS.) (v S _) W a ^_ (vs), 

(vs) = w Gd ^ (v d+ ) + k 2 -d 1 . 

(v s+ ) = W a (v 6+ ) W a ^ (v 6 ) = W a (Vj). 



So we have that 

(vs) = w a (vj) + K 2 -D 1 . 

Now consider the term K 2 • D\. Look back at the 2-disc Da with 8Da = 7 U j'. 
Since the 2-disc D\ coincides with D+ near 5, and a C D+, we can isotop the 
interior of D+ away from a and 5 so that Da fl Di = rf, a clasp arc such that 
a C a' . 

In order to keep consistent orientations, we will need to use the discs Da, 
D+, and Di, in addition to the annulus A that K\ and K 2 co-bound, note that 
A C D- UD(. First, Da is given an orientation coming from A, and D+ is given the 
same orientation, since it coincides with Da near j' C 3D a H dD+. On the other 
hand, by construction, we orient D_ so that its common boundary segment 7 with 
Da receives opposite orientations as a boundary to each disc. Also, D± is oriented 
consistently with D+ so that the strip between 5+ and 5 along which the two discs 
coincide is oriented the same way from each 2-disc. Then the annulus A is oriented 
so that K\ receives opposite orientations as an element of dA and dD\. This gives 
an orientation on K 2 and a sign to K 2 • D 2 . Reversing the orientation on Da and 
carrying out this check reveals that the sign J ■ Da does not change and the sign 
of K 2 • D\ also does not change. Moreover, for each choice of orientations, an easy 
check reveals that J • Da = K 2 • Di, so these two numbers are equal. Therefore, 
and we obtain 

w aj: _ (v 5 ) = w a (vj) + J • D A . 
Then substituting in (*) and (**), we have 

rz_(K-, J) = w a (v K+ ) + J • D A - w a ^_ (v s ) 

= vj a (v K ) + J • D A - (w a (vj) + J • D A ) 
= w a (v K+ )-(w a (vj) 
= r s+ (JT + ,J). 

Therefore, the construction of the new surface after a Legendrian isotopy inter- 
sects the "reference knot" dies not change the relative rotation numbers. □ 

Proof of Theorem \6.1\ c). We start with the equivalent of Remark 6.2 in the trans- 
verse category. 

Remark 6.3. Consider a transverse unknot K\ C (B 3 ,£ s td\B 3 ) i n standard contact 
3-ball around the origin in (R 3 ,£ s ^ = ker(cb — ydx)). We can compute the self- 
linking number of K\ with respect to the global trivialization of £, s td\B 3 or with 
respect to a trivialization of £ std over a Seifert surface (in this case, a 2-disc) for 
Ki, in which case we take a non-zero section of the trivialization and measure 
the linking number with K\ of a push-off of K\ under this section. We set some 
notation, let K sur f ace denote the push-off of a non-zero section of £| surface, so, in 
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particular, for K x = dD u we have sl Dl {K{) = Ik^K? 1 ,^) = K® 1 ■ D x . Now 
take another oriented transverse knot K 2 which co-bounds an annulus A with K\. 
Orient A so that the orientation that K\ inherits as its boundary is the opposite to 
the one it inherits as boundary of D. Then 

K® 1 • D 1 = K± - D 1 — K 2 - D 1 . 

In the case of transve rse k nots and a transverse isotopy between K_ and K+, 



with the setup in Lemma 5.1 , we need to prove sl^ + (K+, J) = (K-, J), which 



by definition is equivalent to 



or, 



K+ + • E + - J E + • e + = k^t • e_ - j s - 



K+ + • e + - k^r • e_ = J E + • e + - j e - 



Again we consider the cases when resolving the arcs and the arc a separately. 
By Remark |6.3| above, the arguments follow exactly the argument in the proof of 
part (b). We will use the figures and labels from part (b). 

We consider a local picture near and reduce the discussion to computing the 
local contributions to the self-linking numbers. This is justified by working with the 
characteristic foliation and arranging that away from a local 2-dsic neighborhood of 
the intersection arcs on each surface, the contribution to the self-linking difference 
is zero. Use the fact that self-linking is additive under relative connected sums (see 
[9]). We provide some more detail of the setup. 



Again, consider the setup in Figure 13, choose the non-zero section of £\a and 



the arcs ji so that along 7^ we have no contribution to the quantity (71 U72 U 
t]+) Da • Da- Similarly, choose the endpoints of the arcs r]± so that they have equal 
(and opposite in sign) contributions to (71 U 77 _ U 72 U t]+) Da • Da- Note that this 
is possible since we know that Kf • A = -K* • A. Do the same for the arcs 8* and 
choose the arc C so that (S 1 U rj_ U 5 2 U () D ~ • D_ = 0. 

Resolving fa is a local modification away from J, so J s+ • E + — J s_ • E_ =0. 

Y Yj 

We claim that K+ + ■ E + — K_~ ■ E_ is also equal to zero in an appropriate sense 
computed locally near fy. Consider 

K+ + • E + - K^T • E_ = K+ + -Z+-K^-A + K^-A- K^T • E_ 

and recall that K A • A = • A, so the above expression equals 

(*) • E+ - iff • A + iT 4 • A - K^T ■ E- 

S Y 

Observe that K+ + • E + = K+ + -A + K+ -E + , where K' + is a push-off of K+ into 

Y y 

A, and, similarly, K_ • E_ = K_ • A + K'_ • E_, where K'_ is a push-off of K_ 
into A. Therefore, (*) becomes 

K+ + • A + K' + 'Y> + - • A + - A - K^r • A — K'_ • E_, 

rearranging terms, we obtain 

-A-K^-A + K'+-Z+- {K^T -A-K^-A + K'_. E_). 



By the local construction in part (b) for the case for Remark 6.3 yields that 
K+ + • A - Kf • A = -K' + • E + and K^T ■ A — K A ■ A = -iT • E_. So the quantity 
(*) is equal to zero. 



A HOMOLOGICAL APPROACH TO RELATIVE KNOT INVARIANTS 



25 



Now for resolving a, we again look at the expression 



Use the setup and terminology from Figure 15 to conclude that J s + • S + — J s 



£_ = • S + - K^r • £_ = J-D A . □ 



Together with Lemma 5.1 , Lemmas 4.6 , 4.8, and |4.9| imply that the relative 



Thurston-Bennequin number and relative rotation number are Legendrian isotopy 
invariants, and the relative self-linking number is a transverse isotopy invariant, 
even when the isotopy of K intersects the "reference knot" J. 

7. A Few Remarks 

In the case when our contact manifold (M, £) is tight, we can use convex surface 
theory and the characteristic foliation of the surfaces (see [5J |8] ) to compute the 
relative invariants and apply them to relative connected sums and classifications 
(see [2|). 

In [2], Chantraine looked at Legendrian knots that are cobordant via a La- 
grangian cylinder in and conjectures an explicit formula which essentially gives the 
relative Thurston-Bennequin invariant in this construction. 

In [10] , we study the more general setup of cobordant Legendrian knots with no 
restrictions on the embedded surface in the cobordism, and prove a relative slice 
genus bound. 

8. Relative Framings of Transverse Knots 

In [3 , 4 , Chernov defines and proves well-definedness of relative self-linking num- 
bers using homotopy methods and transverse homotopy instead of isotopy. This 
requires certain assumptions on the contact structure of the 3-manifold (tightness, 
or, equivalently, coorientability). The relative Thurston-Bennequin invariant and 
the relative self-linking number we have defined here behave like the affine self- 
linking invariant in Theorem 2.0.2. parts 1 and 2a in [4]. 
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